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DGLAP Determining full PDFs

1%) Ws
W, = —Wigu + 2 PuPy + ) (Puqv + qupy)
p p
W, Ws W
VV,'(X, Q2) + m_;27 (p,uqu - unu) + gquq,, + mp Euypo'p q°

For a single photon exchange, imposing hadronic current conservation and due to the
symmetry of L, only 2 terms survive.

In Bjorken limit : Q% — oo, s =00 and x fixed

d%c B 47 a2

dxd@2  x@* [

xy? Fi(x, Q%) + (1 - y) Fa(x, Q°)]

Wlthy—gandxye[o 1], @ =xys

d?o 27 a?

SR = ror LTy Rl @) -y Rk @)
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DGLAP Determining full PDFs

SLAC DIS data: scale invariance

Fy vs. By for Q? =20 GeV?
0.7 T T T T T .

T 2 —r—rrrrrry e
SLAC F
0.6 l;[‘z ¢
0.5 F 1.5 ﬁ -
04 ¥
55 1k % & -
0.3 g& %
0.2 05 L { 5 &y = i
X
01 } e
0 01 02 03 04 05 06 07 08 09 le-04 0.001 0.01 0.1 1

F2(X, Q2) — F2(X)

Fi(x, Q%) small but not zero
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DGLAP Determining full PDFs

DIS in a naive parton model
parton: spin 1/2 point like particle of fractional electric charge eq

2

P ie) = 220 [14 1y -9

= simple physical |nterpretation of x : proton momentum
fraction carried by the interacting quark
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DGLAP Determining full PDFs

DIS in a naive parton model
parton: spin 1/2 point like particle of fractional electric charge eq

2 2

oo enie) = 2T 1 1y o)

interacting on the proton is the sum of interaction on all quarks flavours times the
probability to find such a quark integrated over their internal momentum fraction:

d20ep—>eX o d Ueq—)eq 2

27 a?

- % nge i g)[1+(1— )}5(x—£)
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DGLAP Determining full PDFs

Comparing

d2aep_>ex 2T Q

Tomrex _4/0 nge fl©) [y +2(1 - y)] 8(x — €)

to the DIS general expression:

d%c 47 a2

dxd@?  x@* [

xy? Fi(x, @) + (1 - y) Fa(x, Q%)]

one gets a simple interpretation of the SF in the naive quark model:

A = ;[ deX @R©x-9=3 Y e

1
Fa(x, Q%) = /0 de 37 ex f(€) d(x — €) = 3 €2 x fy(x)
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= simple interpretation:

Fi(x,Q%) =

1 1

2 2
Fa(x, Q2) = Z egx fq(x) = Z

q q

= scale invariance
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DGLAP Determining full PDFs

= simple interpretation:

Fl(X7 Q2) =

1 1
2 2
Fa(x,Q%) = Z egx fq(x) = Z eﬁx [9(x) + G(x)] = Fa(x).
q q
= scale invariance

Callan-Gross relation:

Fa(x) = 2x F1(x) = Fi(x) = Fa(x) —2x F1(x) = 0.

(due to helicity conservation: F; is associated to spin flip)

very nice success - but not the full story
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DGLAP Determining full PDFs

Using protons and neutrons
Assumption (SU(2) isospin): neutron is just proton with u < d:

proton = uud; neutron = ddu

Isospin: un(x) = dp(x), dn(x) = up(x)

4 1
F2p = _Up(X) + §dp(X)
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DGLAP Determining full PDFs

Using protons and neutrons
Assumption (SU(2) isospin): neutron is just proton with u < d:

proton = uud; neutron = ddu

Isospin: un(x) = dp(x), dn(x) = up(x)

4 1
F2p = —up(x) + §dp(X)

O

. 1 4 1
Ff = Sun(x) + 5n(x) = 5db(x) + 5p(X)

Linear combinations of F5 and FJ give separately up(x) and d,(x).

1
Experimentally, get FJ from deuterons: F§ = E(sz + F)
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DGLAP Determining full PDFs

NMC proton & deuteron data

1

08 r

06

xf(x)

04}

02 r

% 3Ff
S3F) + 2R - xd(x)"

—g@—ﬁmkfkﬁﬂ

Q%=27 GeV?
H NMC data

0.2

0.4 0.6 0.8
X

Combine F2p & F2d data,
deduce u(x), d(x):
@ Definitely more up than down (v)
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DGLAP Determining full PDFs

NMC proton & deuteron data
1

08 ||

06} Q%=27 GeV?
x
g % NMC data
X \
04 f \ CTEQ6D fit
%\
ol

Combine sz & F2d data,
deduce u(x), d(x):

@ Definitely more up than down (v)

How much v and d?

0 0.2 0.4 0.6 0.8

e Total U= [ dx u(x)
o u(x) ~d(x) ~x1%

non-integrable divergence

So why do we say
proton = uud?
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DGLAP Determining full PDFs

NMC proton & deuteron data

10 | T T T
FP9)x = u(x)" Combine Ff & F§ data,
‘ FP9/x —td(x)" — deduce u(x), d(x):
81 % @ Definitely more up than down (v)
\ ’ ) How much v and d?
6 Q%=27 Gev
é’ \MC data o Total U= [ dx Ll_(fgg,
4t CTEQ6D fit ® u(x) ~d(x) ~ x
non-integrable divergence
27 So why do we say
proton = uud?
0
0
X
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DGLAP Determining full PDFs

Anti-quarks in proton

How can there be infinite number of quarks in
proton?

Proton wave function fluctuates — extra ui,
dd pairs (sea quarks) can appear:
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DGLAP Determining full PDFs

Anti-quarks in proton

How can there be infinite number of quarks in
proton?

Proton wave function fluctuates — extra ui,
dd pairs (sea quarks) can appear:

Anti quarks also have distributions, @(x), d(x)

F= g(xu(x) + xa(x)) + é(xd(x) + xd(x))

NB: photon interaction ~ square of charge
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DGLAP Determining full PDFs

Anti-quarks in proton

How can there be infinite number of quarks in
proton?

Proton wave function fluctuates — extra ui,
dd pairs (sea quarks) can appear:

Anti quarks also have distributions, @(x), d(x)

F= g(xu(x) + xa(x)) + é(xd(x) + xd(x))

NB: photon interaction ~ square of charge

@ Previous transparency: we were actually looking at ~ v+ &, d + d
@ Number of extra quark-antiquark pairs can be infinite, so

/ dx (u(x) + (x)) = 0o

as long as they carry little momentum (mostly at low x)
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DGLAP Determining full PDFs

When we say proton has 2 up quarks & 1 down quark, we mean

/dx(u(x) —a(x) =2, /dx(d(x) _d(x) =1

u— i = uy is known as a valence distribution.



DGLAP Determining full PDFs

When we say proton has 2 up quarks & 1 down quark, we mean

/dx(u(x)— i(x) = 2,

u— i = uy is known as a valence distribution.
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DGLAP Determining full PDFs

All quarks
quarks: xq(x)

2 _ 2
Q" =10GeVv | These & other methods — whole set of quarks
CTEQGD fit & anti quarks

NB: also strange and charm quarks

0.6

0.5

04 r
@ valence quarks (uy = u — ) are hard
1 x = 1:xqy(x) ~ (1 —x)3

x = 0: xqy(x) ~ x%°

03 f

0.2 @ sea quarks (us = 24, ...) fairly soft

(low-momentum)
x = 1:xqs(x) ~ (1 —x)7
x = 0: xqs(x) ~ x~02

0.1

0 02 04 06 038 1
X



DGLAP Determining full PDFs

Momentum sum rule

Check momentum sum-rule (sum over all species carries all momentum):

Z/dqu,-(x) =1

qgi momentum Where is missing momentum?
dy 0.111

uy 0.267

ds 0.066

us 0.053

Ss 0.033

Cs 0.016
total 0.546



DGLAP Determining full PDFs

Momentum sum rule

Check momentum sum-rule (sum over all species carries all momentum):

Z/dqu,-(x) =1

qgi momentum Where is missing momentum?

dy 0.111 Only parton type we've neglected so far is the

uy 0.267

ds 0.066 gluon

us 0.053 .

o 0.033 Not directly probed by ~.

Cs 0.016
total 0.546 To discuss gluons we must go beyond ‘naive’ leading

order picture, and bring in QCD effects. ..



DGLAP Determining full PDFs

How to measure Structure Functions
HERA (lib (P = 25030 GeV2 y =056, x=0.50 |
Vs = 318 GeV

et proton
27.5 GeV 920 GeV
e+
Q2 2
X
— Hi  Run 122145 Event 69506
ot P Date 19/09/1995



DGLAP Determin

Cross section measurement

- Kinematic reconstruction . ‘ ‘ —
Zl \ 1
8! 3% B
2 0 % | El g 8;
Qs =2E; Ec(1+ cosbe) & o Y
- EQ  Ec(1+cosbe) " %
e~ Fo 0
EQ 2E. — E2 (1 — coste) Z
&
WY
Q'Q\
Ry
>

s | | I I

1 10 10 10 10* , N
Q" (GeV?)



DGLAP Determining full PDFs

Cross section measurement

- Kinematic reconstruction .’
» /
2 _5r0 g “ > .
Q2 =2E0E. (1 + cos0,) 2l : :
0 o @ fo)
. — Ee E. (1 -+ cos 98) \ 141103 105, 79
e = —= 1
E;()) 2E, — Eg (1 — COS 98) R | 7 12050160 141107, 92
10 f o
| “/ 245:192: 163 117: 107 N o \
- Make a (X, Q2) binning ( 32?‘ 2821213 1641 146 ‘&\@\d
| s 3/61 280 208 167 107 q;\‘@&\\
- Count the number of events per bin N ECE e P
B
29/
Wikeo
i
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o
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DGLAP Determin

Cross section measurement

- Kinematic reconstruction . w?
» /
2 0 " a 2 .
Q: =2E; E. (14 costb.) ﬁ} 2 y /7
0 o @ fo)
. — Ee E. (1 -+ cos 98) \ 141103 105, 79
e = —n 1
E;()) 2E, — Eg (1 — COS 98) R | 205 160, 141 107 92
| “/ 245:192: 163 117: 107 3 o \
.. / o
- Make a (X, Q2) bmmng ( 323 2 213 164 146 ‘&\@\‘
| s 3/61 280 208 167 107 q;\‘@&\\
- Count the number of events per bin N ECE e P
. /i 1281388 1349 |
- Compute the cross section [
323 /373
7y (47
//
dogin Npin — Npg S i
dxd Q2 L Acc € %/
i
1 10 Qz(Gevzl)nl



DIS data kinematic domain

<
g =
= Y
o ;
o =
104 =
P =
103L
102L
10
1 e
-1
:\ il

H1
ZEUS

CDF/DO Inclusive jets N<0.7
DO Inclusive jets N<3

Fixed Target Experiments:
CCFR, NMC, BCDMS,

E665, SLAC

10

10 10 0> 10 10! 1
X
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Determining full P

H1 and ZEUS
DIS measurement & wf
w U E .
& L o HERAINCe'p
Q 100 O  Fixed Target
) : === HERAPDF1.0
3 00032, i=17
o E .
ik ,W x= ooozo =13
E .W x=0.0032, i=12
L ,,,M x=0.005, i=11
103 . x=0.008, i=10
E ."W x 8
W o ssesseseeessecesens 32,17
E LOEET ——eeeseeesevecesese s X=005i=6
0 L =S e x=008,i=5
E v —e—  x=0.3,i=4
L b = TV coasis3
E '*’1\ x=025,i=2
ot M .
10_2% M 065,00
,3:
ol vl el il el
1 10 10* 10° 10* 10°

Q¥ GeV2

4 2
L x@ do o @) -4 -~ Fulx, Q).

Y, 272 dxdQ?

or(x, Q%) =



DGLAP Determining full PDFs

Effect of Z exchange

dx d@? O x Q4
F y(1-y/2FN(x, 02)]-

2 F]{VC(X7 Qz) + (1 - y) F2NC(X7 Qz)

d?’c(etTp — et X) 47 a? [

NC(x, Q%) = 2xF{(x, Q%) ~ Y x[q(x) + G(x)]

q

0 Q%) ~ ) xla(x) — a(x)]

q

= allows to separate the valence and the sea



DGLAP Determining full PDFs

H1 and ZEUS
Nﬁ L
DIS measurement <, ® HERAINCe'p = HERAPDF1.0 e'p
3:,) 0o O HERA INC ¢p == HERAPDF10 ep
=] L a0 0o x=002 (x300.0)

102 oo oo oo x=0032 (x170.0)
—eo—ee ot Bobg—R _  x=005 x900)

4—.—.—3—9—9—4—9—6-4@& x=008 (x50.0)
—!-!—o-s—.-ai—e—#& X=0.13 (x200)

x=0.18 (x8.0)

TM x=025 (x24)

=
T

o
o1

H

L

&

2

5

oleTp— e
dx Q2 ~ o Fy(l-y/2)R(x, Q%)

xFs o~ ) x[q(x) = §(x)]
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DGLAP Determining full PD

H1 and ZEUS

Q*=2.7 GeV?

Q*=3.5GeV? Q*=4.5GeV?

DIS measurement

F Q*=2GeV?

L., .,

04 cQ)

[,
L '-».,,,,_y L v,
o [ooomd vomd v voond oo el o oo ool oo vl vl oo Ml vl ol vl o)
' Q=65GeV’ [ Q'=85GeV’ [ Q*=10GeV’ [  Q'=12GeV
L L [ L
o0 ool suond ol ool oo vl ol vl ol o vl vl o v oo ol ol o
[ Q'=15GeV* [ Q*=18GeV: [ Q*=22GeV’ [ Q’=27GeV*
1 L L L L
0 I {1 ' [

ol ool voond ool ool ol comd vom vl v o o s 3ol ol 1wl )
Q*=35GeV? ? = 45 GeV? ? = 60 GeV> ? =70 GeV?

T

L
3

L

=

[ Q°=90GeV’ [ Q'=120GeV? 10° 10" 10°? 10“X
b = e HERAINCe'p
F F == HERAPDFL0 2
0 Coosnl v ool ol ond o e v 0 Q =SXy
10° 10" 10° 10"
X

1 x@* d°% y?
2 _ - X 7 _ YAV 2
ol @) = v o dxaqz 2o @)=y il Q7)



Determining full P

H1 and ZEUS
—_ 2
DI measu rement S [ @es0Gey [ QP=200GeV [ @P=250GeV' [ QP=300Gev?
= [ [ [ [
<1+ = = =
St r r [ \
+%  F F L L
[ Q'=400GeV’ [ Q’=500GeV> [ Q*=650GeV’ [ Q*=800GeV*
1 b L L L
0 v o e o M i vl ol 0
[ Q*=1000GeV> [ Q’=1200GeV: [ Q*=1500GeV? [ Q*=2000 GeV?
1 L L L L
0 ool vl Ol vl il il Nl ol 0
[ Q*=3000Gev’ [ Q*=5000GeV> [ Q’=8000GeV> [  Q*=12000GeV?
05 - - -
0 o ol ol il ol il sl il D
[ T R R
[ Q*=20000GeV: [  Q=30000 GeV? 107 10 107 10
02 L e HERAINCe'p
L L == HERAPDF1.0 2
0 Lol vvond vod o vind vvwwl 100) Q =sXy

107 10" 107 10"
X

1 x@* d°% y?
2 _ - X 7 _ YAV 2
ol @) = v o dxaqz 2o @)=y il Q7)



DGLAP Determining full PDFs

limit on quark size
Quark Radius

o~ 2r
o r
2.gf A HiepNCO16idT
= 18p
© r -18
[ —— R,=0.65010’m
A 16— a
o - + -1
o C ® Hle'pNCO0.28fb
B 14~ 1
S [ — Rg=065010 m
12—
fnsnsesbnng o o & 2 i % |
0.8
0.6
C Ll Ll

10° 10*
Q’ [GeV?

= limit on quark size: R; < 0.65 1078m
To be compared to R, < 0.28 1078m (and R, < 1072?m from a single e in a Penning
Trap exp.[Dehmelt 1988]).
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DGLAP

First order in as

AT T )

d) (e)




DGLAP Determining full PDFs

First order in as




DGLAP Determining full PDFs

First order in as

k+p

4 t s 2uQ?
=32 -2
| | T (e aa5)3 s t st

t = (k—p)>=(q—K)?>=—-2pk(1— cosfy)
s = (k+q)*=(K+p)® = 2pk'(1—coslyyg)
u = (g— P)2 (k — k/)2



DGLAP Determining full PDFs

First order in as

q q
kE+p
k—p
k b k b
4 t s 2uQ?
IMP = 327%(e2aas)= |—= — 2 uQ

3 st+st

t = (k—p)>=(q—K)?>=—-2pk(1— cosfy)
s = (k+q)*=(K+p)® = 2pk'(1—coslyyg)
u = (g— P)2 (k — k/)2

double pole structure in t (left diag.) and in s (right diag.)
t—=0:E;,—0orglgq

s—0:Eg—0org| ¢



DGLAP Determining full PDFs

First order in ag: gluon radiation
At high energy (—t < s), using (p1 = k’sinf) :

4o (z) = 4rlaeg 1 as

dp2T s Eﬂ

q(2)

where the longitudinal momentum fraction of the incident quark is:

Q2
:2k-q

P4q(z) is the Splitting Function for a quark that keep a momentum fraction z after a
gluon radiation.
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DGLAP Determining full PDFs

EMC vN — puX measurement [1980]

100
—~ 107
g
>
>
Q
ol
=3 1072
-~

1073

P} (Gev?)

| [ I I
- 02<3<04 —
. 3
‘I .
:\.o ]

‘e
=\ —
-\ ;
E\ e 3
C \\ \‘ -
o\ E
= \\ ¢ 3
R +\+ ]
\

\ \
\ 3
[ . | | N
1 2 3 a4 5

— — —— no gluon

radiation

included

gluon radiation included

Measurement of the hadron with the largest P w.r.t. the virtual photon.
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DGLAP Determining full PDFs

Scaling Violation

These gluon radiation effects have to be included in the quark density.

After integration over p2 between a cutoff (k) and the maximum (s/4 = Q?(1 —
z)/(42)):
s [td 2
a(x, @) = qp(x)+ ;/_77 / —gqb(f) Paq <i> In <Q >

K2

¢ (1-2)¢



DGLAP Determining full PDFs

Scaling Violation

These gluon radiation effects have to be included in the quark density.

After integration over p2 between a cutoff (k) and the maximum (s/4 = Q?(1 —

z)/(42)):

o [td 2

q(x, Q%) = qb(X)+§—7T : fqb(E)qu (%) In <%>

a 1 2

. [td Q
N o) + 32 [ L ane) P (5) 0 (57 )
1-2)¢ 1 2
¢ . [1d Q

= i)+ 52 [ Lot () n(F) 0l

‘:> Introduction of the Factorisation scale, ug ! ‘




DGLAP Determining full PDFs

Scaling Violation

These gluon radiation effects have to be included in the quark density.

After integration over p2 between a cutoff (k) and the maximum (s/4 = Q?(1 —

z)/(42)):

o [td 2

q(x, Q%) = qb(X)+§—7T : fqb(E)qu (%) In <%>

q 1 2

. ['d Q
e o) + 32 [ L ane) P (5) 0 (57 )
1-2)¢ 1 2
¢ . ['d Q

= i)+ 52 [ Lot () n(F) 0l

‘:> Introduction of the Factorisation scale, ug ! ‘

‘:> The scale invariance is logarithmically broken ! ‘




DGLAP Determining full PDFs

DGLAP equation

q(x, @?) being an observable, it cannot depend on yF :

o dg(x,Q?) a5 [ d¢ 2 X
q(x. Q) =0 = TAnQ2 2q ), ?q(é,Q)quQ)

known as the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation

dln,ulzE
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DGLAP Determining full PDFs

DGLAP equation

q(x, @?) being an observable, it cannot depend on yF :

d 5 dg(x,Q%) as [!d¢
gx,Q)=0 = —F—r=_=
dlnp%

2 X
anQz ~2r ). € 6@ )P (E)

known as the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation
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DGLAP

All processes
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DGLAP Determining full PDFs

All processes

ZORMET Pule) = 6| Es -2+

@ Pyg, Pgg: symmetric z <+ 1 — z
@ Py, Py diverge for z — 1 (soft gluon emission)
® Pgg, Pgq: diverge for z — 0 Implies PDFs grow for x — 0
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DGLAP Determining full PDFs

DGLAP equations: flavour structure

Proton contains both quarks and gluons — so DGLAP is a matrix in flavour space:

2 2

d ‘zi(xv Q ) : 2y nf 1 d qu(s"j 0 qu ‘ZJ'(Xv Q )
ain Q2 ( ai(x, @) | = < 2((: ) Z/ f 0 Peqdij  Pog @(x, Q%)
g(x, Qz) j=1 7 Peq Peq  Pege g(x, QZ)

['Dﬁg: qu]

d Q2
+ 27r : —gg(ﬁ 1) Pq <§> In <u_%>

= measuring the do one can also access the gluon density !

=



DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xg(x,Q%) ——

25 L Xq + xgbar ,

2 Q%=12.0GeV? ]
1.5 | .

1 L n
05 | .

0 1

0.01 0.1 1

Take example evolution starting with just
quarks:

OInQZq:qu®q
aInQZg:qu@q

@ quark is depleted at large x

@ gluon grows at small x

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xgxQ%) ——
25 L Xq + xgbar ,
Take example evolution starting with just
2 b Qz —150GeV2 1 quarks:
15 + i OInQZq:qu®q
aInQZg: qu‘&q
1t : .
@ quark is depleted at large x
05 L T \ i @ gluon grows at small x
o

0.01 0.1 1

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xgxQ%) ——
25 L Xq + xgbar ,
Take example evolution starting with just
2 F Q% =27.0 GeV? ] quarks:
15 + i OInQZq:qu®q

aInQZg:qu@q

@ quark is depleted at large x

05 \‘\‘ 1 @ gluon grows at small x
0 L

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xgxQ%) ——
25 L Xq + xgbar ,
Take example evolution starting with just
2 F Q% = 35.0 GeV? ] quarks:
15 + i OInQZq:qu®q

aInQZg:qu@q

@ quark is depleted at large x

05 \'\‘ i @ gluon grows at small x
0 1

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xgxQ%) ——
25 L Xq + xgbar ,
Take example evolution starting with just
2 F Q% = 46.0 GeV? ] quarks:
15 + i OInQZq:qu®q

aInQZg:qu@q

@ quark is depleted at large x

05 \T ‘ ) @ gluon grows at small x

0 L
0.01 0.1 1

X
Laurent Favart (ULB) BND 2022 28 / 36




DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)
xq(x.Q°), xg(x.Q°)

xgxQ%) ——
25 L Xq + xgbar ,
Take example evolution starting with just
2 b Qz ~600GeV2 1 quarks:
15 + i OInQZq:qu®q
aInQZg: qu‘&q
1 L A .
@ quark is depleted at large x
05 L \ i @ gluon grows at small x
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)

xq(x,Q%), xg(x,Q%)
xg(x,Q%) ——

25 L xq + xqgbar i

Take example evolution starting with just

0% =90.0 GeV? quarks:

4 OInQZq:qu®q

15 -
aInQZg: qu%q
1 R .
@ quark is depleted at large x
05 i @ gluon grows at small x
0
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DGLAP Determining full PDFs

Effect of DGLAP (initial quarks)

xq(x,Q%), xg(x,Q%)
xg(x,Q%) ——

25 L xq + xqgbar i

Take example evolution starting with just

Q% = 150.0 GeV? quarks:

| OInQZq:qu®q

15 -
aInQZg: qu%q
1 R .
@ quark is depleted at large x
05 i @ gluon grows at small x
0
0.01 0.1 1

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4 n i
2 _ 2 .

Q%=12.0 GeV O 02 = Pog © &
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1t 1 gluon & quark.
0 1
0.01 0.1 1

X
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

5 Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q%=15.0 GeV O 02 = Pog © &
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1k f gluon & quark.
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q%=27.0 GeV O 02 = Pog © &
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1t 1 gluon & quark.
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0.01 0.1 1

X

Laurent Favart (ULB) BND 2022 29 / 36



DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q% =35.0 GeV On?d = Pag © g
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1t 1 gluon & quark.
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q% =46.0 GeV On?d = Pag © g
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1t 1 gluon & quark.
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q% =60.0 GeV On?d = Pag © g
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x

1t 1 gluon & quark.
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xgx,Q%) ——

St Xq + xgbar i
2nd example: start with just gluons.
4t i
2 _ 2 .

Q% =90.0 GeV On?d = Pag © g
3+ R OInQZg:ng®g
ol i @ gluon is depleted at large x.

@ high-x gluon feeds growth of small x
1t 1 gluon & quark.
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DGLAP Determining full PDFs

Effect of DGLAP (initial gluons)
xq(x.Q?). xg(x.Q?)

xg(x,Q%) ——
Xq + xgbar i

2nd example: start with just gluons.
2 _ 2 .
Q% = 150.0 GeV On?d = Pag © g
OInQZg: ng®g

@ gluon is depleted at large x.

@ high-x gluon feeds growth of small x
gluon & quark.

X
Laurent Favart (ULB) BND 2022 29 / 36



DGLAP Determining full PDFs

DGLAP evolution

@ As Q2 increases, partons lose longitudinal momentum; distributions all shift to
lower x.

@ stable point at x = 0.18 corresponding to the scaling observed at SLAC

@ gluons can be seen because they drive the quark evolution.

Now consider data

Laurent Favart (ULB) BND 2022 30 /36



DGLAP Determining full PDFs

DGLAP with initial gluon =0

F (x.Q%)
DGLAP: g(x,Qp?) =0 ——
16T ZEUS |
Fit quark distributions to Fa(x, Q3), at initial
NMC scale Qg = 12GeV?2.
1.2 ¢ Q2 =12.0 GeV? 1 NB: Qo often chosen lower

Assume there is no gluon at Q3:

0.8
g(X, Qg) =0

i Use DGLAP equations to evolve to higher Q2
compare with data.

0.4

O L L
0.001 0.01 0.1 1

X




DGLAP Determining full PDFs

DGLAP with initial gluon =0

Fb (x.Q7%)
DGLAP: g(x,Qp?) =0 ——
161 ZEUS ~——— |
Fit quark distributions to Fa(x, Q3), at initial
NMC scale Qg = 12GeV?2.
12 ¢ Q2 =15.0 GeV? 1 NB: Qg often chosen lower

Assume there is no gluon at Q3:

0.8
g(X, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.
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DGLAP Determining full PDFs

DGLAP with initial gluon =0

1.6

1.2

0.8

0.4

0

0.001 0.01 0.1 1

2

F5 (x.Q%)
DGLAP: g(x,Qp?) =0 ——
I ZEUS |

E Q?=27.0GeV? ]

X

Fit quark distributions to Fa(x, Q3), at initial
scale Qg = 12GeV?.

NB: Qg often chosen lower

Assume there is no gluon at Q3:
g(x, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.



DGLAP Determining full PDFs

DGLAP with initial gluon =0

Fb (x.Q7%)
DGLAP: g(x,Qp?) =0 ——
161 ZEUS ~——— |
Fit quark distributions to Fa(x, Q3), at initial
NMC scale Qg = 12GeV?2.
12 | . Q2 =35.0 GeV? NB: Qg often chosen lower

Assume there is no gluon at Q3:

0.8
g(X, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.
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DGLAP Determining full PDFs

DGLAP with initial gluon =0

Fb (x.Q7%)
DGLAP: g(x,Qp?) =0 ——
Loy ZEUS |
Fit quark distributions to Fa(x, Q3), at initial
z NMC —— scale Q3 = 12GeV?,
12 | Q2 = 46.0 GeV? NB: Qg often chosen lower

Assume there is no gluon at Q3:

0.8
g(X, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.
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DGLAP Determining full PDFs

DGLAP with initial gluon =0

F5 Q)
DGLAP: g(x,Qp?) =0 ——
1671 ZEUS |
. Fit quark distributions to Fa(x, Q3), at initial
NMC scale Qg = 12GeV?2.
121 ° Q2 =60.0 GeV? | NB: Qo often chosen lower

Assume there is no gluon at Q3:

0.8
g(X, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.
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DGLAP Determining full PDFs

DGLAP with initial gluon =0

1.6

1.2

0.8

0.4

0

0.001 0.01 0.1 1

2
FS (x.Q%)
DGLAP: g(x,Qp?) =0 ——
I ZEUS |
i
T Q% =90.0 GeV? ]

X

Fit quark distributions to Fa(x, Q3), at initial
scale Qg = 12GeV?.

NB: Qg often chosen lower

Assume there is no gluon at Q3:
g(x, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.



DGLAP Determining full PDFs

DGLAP with initial gluon =0

1.6

1.2

0.8

0.4

0

0.001 0.01 0.1 1

FS (x.Q%)
DGLAP: g(x,Qp?) =0 ——
I ZEUS |

I Q? = 150.0 GeV?]

X

Fit quark distributions to Fa(x, Q3), at initial
scale Qg = 12GeV?.

NB: Qg often chosen lower

Assume there is no gluon at Q3:
g(x, Qg) =0

Use DGLAP equations to evolve to higher Q2
compare with data.

Complete failure!



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F5 (x,Q%)
DGLAP (CTEQ6D) ———
161 ZEUS — |
12 Q?=12.0GeV? ]

0.8

0.4

0

0.001
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0.01 0.1
X

If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F2 (x,Q%)
DGLAP (CTEQ6D) ———
16 ¢ ZEUS |
12 Q?=15.0GeV? ]

0.8

0.4

0

0.001
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0.01 0.1
X

If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F2 (x,Q%)
DGLAP (CTEQ6D) ———
16 ¢ ZEUS |
12 Q?=27.0GeV? ]
0.8 |
0.4 f
0
0.001 0.01 0.1 1

X
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If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon #£ 0
F5 Q)

el DGLAP (CTEQ6D) |

' ZEUS ————

NMC ——— If gluon # 0, splitting g — qg generates extra

Qz ~350GeV2 1 quarks at large Q2.
w faster rise of F»

1.2

Find a gluon distribution that leads to correct

evolution in Q2.
Done for us by CTEQ, MRST, ...
1 PDF fitting collaborations.
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DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F2 (x,Q%)
DGLAP (CTEQ6D) ———
16 ¢ ZEUS |
12 Q%=46.0GeV?
0.8 | 1
0.4 1
O 1 1
0.001 0.01 0.1
X
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If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F2 (x,Q%)
DGLAP (CTEQ6D) ———
16 ¢ ZEUS |
12 Q% =60.0 GeV? ]
0.8 | 1
0.4 1
0
0.001 0.01 0.1
X
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If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F2 (x,Q%)
DGLAP (CTEQ6D) ——
1.6 ZEUS |
12 Q% =90.0 GeV? ]
0.8 | 1
0.4 | 1
O 1 1

0.001 0.01 0.1 1

X
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If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.



DGLAP Determining full PDFs

DGLAP with initial gluon % 0

2
F (x,Q)
DGLAP (CTEQ6D) ——
16 1 ZEUS |
12 Q? = 150.0 GeV?]
08 | : .
0.4 .
O 1 1
0.001 0.01 0.1 1
X

If gluon = 0, splitting g — g generates extra
quarks at large Q2.
w faster rise of F»

Find a gluon distribution that leads to correct
evolution in Q2.

Done for us by CTEQ, MRST, ...

PDF fitting collaborations.

Success!
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DGLAP Determining full PDFs

Gluon distribution

xq(x), xg(x)

6T 02 = 10 GeV?
.l CTEQSD fit
4+ gluon R
3 L a
2 L a
! ds, ug N 1
e u
0 == ‘ Y
0.01 0.1
X

Gluon distribution is HUGE!

Can we really trust it?

@ Consistency: momentum sum-rule is
now satisfied.
NB: gluon mostly at small x

@ Agrees with vast range of data

@ such a set of g and g densities is called
a PDF set for Parton Distribution
Functions.
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Higher—order calculations Pgllj): Curci, Furmanski & Petronzio '80
NLO:

Pf,ls)(X) = 4CFI‘¢<70;72+5X74H0+X [ H0—7]+(1+x)[5H0—2H0‘0]> O (0)
'Dab = ab +
) 244 218 2
M) = 4cAn,(77 — 24 25% — 2pqg(—x)H _1,0 — 2pag(x)H1 1 + X [?Ho _ T} )
+4(1 — x) [HM —2H, +XH]} — 4Gax — 6Hp o + 9Hg> +4Cenp (zpqg x) [Hl o+Hyy +Hy <%) P(l)
o ab

> 5 291 15
—Ga| +4x” [ Ho+ Ho,o + | +2(1 —x)| Ho + Ho — 2xH1 + - 7?7H0077H0

1 1 8
PR = 4CACF<; +2pgq(x)[H1.a +Hig+Hy — gﬁl} —x [ Ho — 7] +ag -2
37 2
—T7Hg + 2Ho,0 — 2H1x + (1 +x) [21{0,0 — 5Hp + ;} - 2pgq(7X)H,1k0> - AC;rk(gx
10 2 707
"’E’J(x)[ Hy — ?}) +4Ce (qu(x) [3}11 - 2H1,1] +(1+x) [Ho,u -5t EHUj| —3Hg

+1— EHU + ZHlx)

@ 10 B1 5\ 2 2 N
PPk = 4c, n,(l—x—?pgg(x)—j<;—x)—§(1+X)Hg—§6(l—x)>+4CA (27

2 67 /1
+(1+x)[ Ho + 8Ho 0 — 7} + 2pgg(— x)[Hg.n —2H_ ;9 — (2} - ;<7 —x2> — 12H,
x
a4 67
-5 Ho+2p,z,z(x)[E — G+ Ho+2Hy g +2H2} +5(1— x)[ +3<3D +4CF¢<2H0

21 10 ,
o=+ =X —12+(1+x)[4—5H0—2HM] ——5(1—x)) .
3x 3 ’ 2



NNLO Splitting functions Pﬁ): Moch, Vermaseren & Vogt '04
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D Determining full PDFs

H1 and ZEUS

Compare to data

e HERAINCe'p
O  Fixed Target
=== HERAPDF1.0

(NLO evolution)

vexQ) x 2
T \HHH‘a\ T

+
O'r’
=5

103

[ oe- x= 04
w0l e essessesesseeseretets

E M SO T seeeeeeeeeesesessses x=0.032,i=7

E LBOOE D ———eeeeeeesesesesese o x=0.05i6
10 = e * TIO O sett s x=0.08,i=5

E - Se—e—e  x=0.3,i=4

C o

L A N _ .
L o x=

E 'ﬁ—'ﬁ\! x=0.25,i=2

E L —wveas.
10"k T x=0.40,i=1
0L M = 065,120
2L | | | | |
Y Y T AT E RN TY] E T R

1 10 10’ 10° 10*

10
QY GeV?

tremendous success
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Determining full PDFs

That's all for today
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